We have developed a new lattice dynamics sheme for handling large amplitude llbrational motions or hindered rotations, en harmonic translational vibrations and translation-rotation coupling in molecular crystals. This formalism is based on expanding the intermolecular potential in the molecular displacements and including the cubic and higher terms, while retaining its exact anisotropy* This potential is first used to construct mean field states for the molecular translations and hindered rotations, and next to solve the equations of motion for the crystal in the random phase approximation (RPA), which takes Into account the correlations between the molecular motions as well as translation-rotation coupling. It Is Illustrated that this scheme gives very accurate results for the ordered ot and 7 phases of solid nitrogen, while it also yields, for the first time, a quantum dynamical description of the molecular motions In the plastic 0 phase and a fairly accurate a -0 transition temperature.
Introduction
in many molecular crystals, especially in those com posed of light molecules or in those in a thermodynamic state near to a phase transition, the molecules perform oscillatory motions with very large amplitudes, or, in the case of plastic crystals, even hindered rotations. As opposed to the pure harmonic motions (1) the oscilla tory motions with large amplitudes are relatively poorly understood. The traditional method (1) of perturbation expansion around a harmonic approximation very soon runs into calculational problems because large order perturbation terms are needed. Moreover, in view of the fact that the perturbation series for a quartic anharmonic oscillator has vanishing range of convergence (2 ), one should be very careful with the interpretation of the results of perturbation calculations.
In case the molecules perform hindered rotations, with their centres of mass fixed to a lattice point, fairly good results have been obtained!3"8). In many cases this model will not be very realistic, however. Most molecular crystals are rather closely packed, which urges the molecules to separate before large changes in their orientations can occur. This means that there will be a considerable coupling between the translational and the rotational motions of the molecules. It is just this coupling which has attracted a lot of attention t9"15 ) during the last years, and which will be the subject of the present paper* A striking property of almost all theories dealing with rotation-translation coupling in molecular crystals is that the translations and rotations are first treated separately, most often in completely different ways, and that the coupling is introduced afterwards, Although this seems physically appealing, it brings with it a lot of computational problems if one wishes to perform actual dynamics calculations, rather than to give a more or less phenomenological description. Our formalism (16-18) avoids these problems by introducing the rotation-translation coupling simultaneously with the correlation between the translational and the rotational vibrations of the individual molecules, while using the full space group symmetry of the system, We have chosen to illustrate the results of this formalism by applying it to solid nitrogen, for two reasons. The first reason is that nitrogen occurs in different modifications, ordered as well as orientationally disordered, and that many experimental data are available (19) (20) , Even in the ordered phases, especially in the neighbourhood of the a -J 3 order-disorder phase transition, but also at lower temperatures, the ampli tudes of the orientational oscillations of the molecules are rather large and their motions will be strongly anharmonic. The second reason is the availability of an ab initio intermolecular potential I21) which has been given im the desired analytic form, and which has already proved its quality on several bulk properties < 22'24).
The Hamiltonian
In order to model the crystal we associate a position vector with each point P = {/?,/} of a lattice. The posi tion vector of the point P is given by R^p = 4* F/, 126 W.J. Briels, A.P.J. Jansen and A. van der Avolrd unit cell to which P belongs, and the position vector of P relative to this origin. The molecules are supposed to librate and oscillate in the neighbour-hood of the points they are associated with. The position vector of the centre of mass of the molecule at P relative tô _y Rp will be denoted by u?r In order to describe the orientation of a given molecule we attach a rectangular coordinate frame to it, and give the Euler angles cop = {a p»/3p,7p} of this frame relative to a fixed lattice frame.
The potential energy of two molecules, at P and P* respectively, is expanded (25*30) jn a complete set of use the products
where the are Wigner functions and is a Racah spherical harmonic. For these functions as well as for the Euler angles we use the conventions of Edmonds (31), The expansion can be greatly simplified by using the full symmetry of the molecular pair. For this purpose we need the transformation properties of the Wigner functions, both with respect to rotations of the lattice (or space-fixed) frame and with respect to rotations of the molecular (or body-fixed) frames. If we change from one lattice frame to another, which has Euler angles co relatively to the original frame, then a scalar quantity which was originally described by a func tion F will be described in the new frame by R (£3) F ; the two functions are related by R ( 2 ) F (go) = F (0/ ) , where co and gj* are the Euler angles of a molecule rela tive to the new and the old lattice frame, respectively. Similarly, if we change from one molecular coordinate frame to another, which has Euler angles ¿3 relative to the original one, F will transform into R; (#5) F. With the conventions that we have adopted the trans formed Wigner functions are given by (30) :
Using the second of these relations we construct linear combinations M = A t f ) n n which transform according to the totally symmetric representation of the molecular point group. Only these combinations will occur in the expansion of the potential energy. Using the first of the above relations we can impose the condition that the expansion should be invariant under any rotation of the lattice frame. The final result then iŝ ( U p p* / co p r co p* ) i wpp
Here the first symbol after the second summation sign is a 3 -j coefficient; the labels are defined as Translational-rotational coupling in strongly anharmonic molecular crystals 127 trical top expression (32, 33) . The double sum in eq. (2.6) respresents the potential energy of the whole crystal. This term is sometimes written (3) as a sum of oneparticle contributions plus a sum of two-particle contri butions, or one (9) (10) (11) 
Lattice dynamics
The essential aspect of our lattice dynamics calcula tio n is that we first treat the complete hamiltonian ( 2 .6 ) in a mean field approximation, and then use the resulting mean field states in an RPA treatment, again o f the complete hamiltonian (2.6). An important pro perty of our method is that it yields the exact results fo r a harmonic hamiltonian, including the translationrotation coupling which is present at the harmonic level. Moreover, in the general case, it gives good results f o r pure rotational as well as for pure translational sys tems.
A. The mean field approximation
The mean field approximation is based on the ther modynamic variation principle ( As a second remark we mention that, in order to sol ve the mean field equations we must impose symmetry relations on the Hp. We mostly use the experimentally observed symmetry. In some cases (see section 4), we find that the mean field solution with the experimental symmetry is not stable, however, (see section 3,C) and we look for solutions of lower symmetry. As a result of the translational symmetry, it follows that Hp = Hp, when Rpp> Is-equal to a primitive lattice vector. Moreo ver, as a result of the point group symmetry, only the Hp of the molecules in the asymmetric part of the unit cell are independent. For the other molecules in the unit cell, genericalfy labeled by P*, there exist Euler angles cop» such that the transformed mean field R (wpO ^■¡5k (see section 2) is equal to $ p [f, where P labels the molecule to which the molecule at Pr is connected by a symmetry operation. Using eq. (2.1) and the definition of the we then derive
and similarly
In the latter equation we have used the fact that spherical harmonics transform in the same way as the Wigner functions, i.e. as given by eq. (2 .1). Introducing these results into the mean field equation (3.3) we find that these equations involve only the molecules in the asymmetric part of the unit cell.
B. The random phase approximation
We shall restrict ourselves in this subsection to the case T = 0 K ; a treatment for nonzero temperature can be given along the same lines and with exactly the same results in the limit of zero temperature, by using the time-dependent Hartree approximation.
The mean field treatment of the preceding sub section has provided a set of single-particle states $lq) (Fig. 2a) and 7 (Fig. 2b) nitrogen. Contours of cons tant probability for the molecule in the origin, calculated in the mean field model, are plotted as functions of the polar angles {$,$) with respect to the crystal axes (F)g. 1 ). The angle 0 increases linearly with the radius of the plots from 0 (in the center) to 7t/2 (at the boundary), 0 is the phase angle. Table II they have no effect, however, because of the inversion symmetry in a-nitrogen.
The frequencies from the RPA calculations are given in Tables III and IV for different wave vectors q. The agreement with the experimental data(47-49) is very satisfactory, especially if we remember that the ab initio potential has not been adjusted to improve this agree ment (in contrast with most semi-empirical calculations). Particularly the pure libron frequencies are substantially improved with respect to earlier harmonic and SCP calculations (24) using the same ab initio potential, and also with respect to semi-empirical harmonic calculations (20) . Also the mixed phonon-libron modes, which describe explicitly the translational-rotational coupling, are represented very accurately by our formalism. All points in the Brillouin zone, except some points of high symmetry, actually yield such mixed modes and, there fore, the translational-rotationa! coupling can have important effects on the properties of the crystal. We intend to study such effects in the near future,
B. The plastic $-phase
The ff-phase is stable above T = 35,6 K. We started our calculations on this phase by assuming the experi mentally observed symmetry. Thus, the two molecules in the hexagonal unit cell were given translationally equivalent mean field solutions. The probability density o f the ground state wave function that resulted for the ortho-species is shown in Figure 3a. (The ground state o f the para-species is twofold degenerate. The average 1 probability density ^ (| \jj<\ |2 + |ip2 I2) is similar to (Fig. 3a) and localized (Fig. 3b) mean field states in /3-nitrogen. Figure 3a applies to both molecules in the unit cell. Figure 3b Is drawn for one molecule in the unit cell; the other molecule in the celi is rotated over 0 = 180°. The distribution does not change qualitatively up to (at least) T = 70 K ; it just becomes slightly wider with increasing tempe rature. Reading of the contour plot as in Figure 2 , that the delocalized mean field states do not correspond with a (local) minimum of the free energy. Inspecting the eigenvectors of the RPA problem belonging to the imaginary frequencies taught us that the free energy could be lowered by out-of-phase motions of the two neighbouring molecules In the unit cell. Indeed, we found that there exists a mean field solu tion which is lower in free energy than the delocalized solution by 0.87 kJ/mol at zero temperature. In this new solution the orientations of the molecular axes are clearly localized (see Fig. 3b ). The states for the two neighbouring molecules in the unit cell are equivalent^ but rotated over 180° around the c-axis. This 180 rotation avoids the hindrance which occurs between neighbouring molecules when they process freely (51) . The angle Q ** 52° between the molecular axes and the crystal c-axis is slightly smaller than for the delocalized case.
The most remarkable feature of the localized state is that the experimentally observed hexagonal symmetry is lost. This symmetry will be restored if we assume that for each molecule six equivalent mean field solutions are available, which are related to each other by rotations of 60° around the c-axis, and that the molecules can jump from one localized solution to another within the time that is characteristic for the observation pro cess, i.e. the inverse NMR or NQR frequency ( 19), for example. We shall digress on this hypothesis in the next section.
We calculated the libron frequencies by the RPA method with two excited localized mean field states on each molecule. All frequencies came out real now, as they should be for a stable mean field solution (see Table V ). The experimental spectra (47*52) show two very broad peaks of which the higher one around 50 cm"*1 (depending on the temperature and pressure) has been Interpreted as a libron band and the lower one around 25 c m " 1 as a translational phonon band, The higher libron frequency agrees reasonably well with our results, but according to our calculated frequencies, the libron modes might cause some absorption in the lower band as well (apart from symmetry and intensity consi derations which we have not looked at). Our results indicate that the broadening of the observed libron band is caused by coupling of localized librational modes with more or less random jumps in the orientations of the molecules by multiples of 60° around the crystal c axis.
The localized mean field solution poses yet another problem. Although we expect that the experimentally observed lattice symmetry can be restored by allowing rapid jumps between the six localized librational solu tions, the lower symmetry of the actual solution makes it impossible to use our libron-phonon formalism as such. Indeed, we found that in the mean field of the "broken symmetry'' librations the equilibrium positions of the molecules tend to shift away from the hexagonal lattice sites. In order to solve this problem one would have to extend our formalism with a dynamical model for the symmetry-restoring jumps.
C. The a-0 phase transition
In Figure 4 we have plotted the free energy A calcu lated for the different mean field solutions of a-and 0-nitrogen, The contribution from the translational vibrations is not included in this picture, for the reason mentioned in the previous section. However, we do not expect a great difference in this contribution between the a-and j3-phase. The curve for the delocalized mean field solution of 0-nitrogen declines much steeper, with increasing temperature, than the localized /3-N2 curve and the a-N2 curve* This is caused by the considerably lower excitation energies for the delocalized states, which look like hindered rotor states rather than libra tional oscillators. It is characteristic that a free rotor model produces almost the same free energy curve as the delocalized model. However, the free energy at zero temperature for the delocalized model is too high to make its curve cross the a-N2 curve at any reasonable temperature. So this model fails to explain the a-0 phase transition.
For the localized j 3-N2 model the energy is substan tially lowered due to a more favorable packing of nea rest neighbours. But its free energy curve runs almost parallel to the a-N2 curve, because of the similar size of the mean field excitation energies. So we still find no crossing between the a-and j3-curve.
Let us consider, however, the jump model of the pre vious section. Because of important energy effects, the orientations of the molecules will not be completely as quoted in ref. [52] Journal de chimie physique, 1985, 82, n° 2/3
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Conclusions
The results which we have obtained for solid nitrogen demonstrate that the formalism which we have develop ed yields a realistic description of the anharmonic translational vibrations, the large amplitude librations, which are much more strongly anharmonic, and the translation-rotation coupling in molecular crystals, Using an ab initio intermolecular potential, the results f o r the ordered a and 7 phases are quantitatively very accurate. For the plastic j3 phase we predict that the experimentally observed orientational disorder is caused b y rapid 60° jumps of the molecules around the crystal c-axis, between localized librational states. The two neighbouring molecules in the hexagonal unit cell tend to remain 180° out of phase, in order to obtain a consi derably lower packing energy of the crystal than for the free precession model, which has also been invoked to explain the orientational disorder. Although we have not yet developed a dynamical model for the correlated jumps of the molecules, we find that the jump model for the j3-phase can yield a fairly accurate transition temperature for the a-(3 order-disorder phase transition.
